In this paper, we consider the problem of structural alignment of a target RNA sequence of length n and a query RNA sequence of length m with known secondary structure that may contain embedded simple pseduoknots. The best known algorithm for solving this problem (Dost et al. [13] ) runs in O(mn4) time with space complexity of O(mn3), which requires too much memory making it infeasible for comparing ncRNAs (non-coding RNAs) with length several hundreds or more. We propose a memory efficient algorithm to solve the same problem. We reduce the space complexity to O(mn2 + n3) while maintaining the same time complexity of Dost et al.'s algorithm. Experimental reslts show that our algorithm is feasible for comparing ncRNAs of length more than 500. Availability: The source code of our program is available upon request.
Introduction
A non-coding RNA (ncRNA) is a RNA molecule which is not translated into a protein. It is a general belief that ncRNAs are involved in many cellular functions. The number of ncRNAs within the genome was underestimated before, but recently some databases reveal over 30,000 ncRNAs [1] and more than 500 ncRNA families [2] . Large discoveries of ncRNAs and families show the possibilities that ncRNAs may be as diverse as protein molecules [3] . Identifying these ncRNAs becomes an important problem.
It is known that the secondary structure of an ncRNA molecule usually plays an important role in its biological functions. Some researches attempted to identify ncRNAs by considering the stability of secondary structures formed by the substrings of a given genome [15] . However, this method is not effective because a random sequence with high GC composition also allows an energetically favorable secondary structure [8] . A more promising direction is comparative approach which makes use of the idea that if a substring of genome from which a RNA is transcribed with similar sequence and structure to a known ncRNA, then this genome region is likely to be an ncRNA gene whose corresponding ncRNA is in the same family of the known ncRNA. Thus, to locate ncRNAs in a genome, we can use a known ncRNA as a query and searches along the genome for substrings with similar sequence and structure to the query. The key of this approach is to compute the structural alignment between a query sequence with known structure and a target sequence with unknown structure. The alignment score represents their sequence and structural similarity. RSEARCH [9] , FASTR [10] , and a recent tool INFERNAL [11] for Rfam are using this approach.
However, all of these tools do not support pseudoknots. Given two base-pairs at positions (i, j) and (i', j'), where i < j and i' < j', pseudoknots are base-pairs either i < i' < j < j' or i' < i < j' < j. In some studies, secondary structures including pseudoknots are found involved in some functions such as telomerase [5] , catalytic functions [6] , and selfsplicing introns [7] . The presence of pseudoknots makes the problem computationally harder, so finding ncRNA genes with secondary structure including pseudoknots are limited. Usually the large time complexity and considerable memory required for these algorithms make it impractical to search long pseudoknotted ncRNA along the genome. Among over 500 known ncRNA families in Rfam, only 24 families that are in pseudoknotted structure exist. The small number may reflect the uncommon situation of pseudoknotted ncRNA, but it may also reflect the difficulty of finding pseudoknotted ncRNAs due to the limitation of existing tools.
Matsui et al. [12] developed a method of computing the structural alignment to support a pseudoknot structure. They used a pseudoknot definition that a secondary structure has m-clossing property if and only if there exists m base pairs in which any two of them are crossing each other. For 2-crossing pseudoknots, their algorithm runs in O(mn 5 ) with space complexity of O(mn 4 ) where m is the length of the query sequence and n is the length of the searching sequence. The large time and space complexity makes the method infeasible for practical use. Pseudoknots can exist within another pseudoknot forming recursive pseudoknots. Since known ncRNA families are found to have a simpler structure (with only a single level of recursion), called embedded simple pseudoknots. Some focuses on this simpler structure. Dost et al. [13] developed a tool called PAL using dynamic programming approach that supports secondary structures with embedded simple pseudoknots. By restricting their supporting structure to be a subset of the structures having 2-crossing properties, their dynamic programming algorithm runs faster and uses less memory with time complexity of O(mn 4 ) and space complexity of O(mn 3 ). However, their algorithm is still not feasible for long RNA sequences due to the extensive memory required. For example, for the pseduknotted ncRNA family RF00024 (found in the database Rfam), the average length of the members is about 548. It is estimated that performing a pair-wise structural alignment for members in this family using PAL requires at least 10GB memory. Therefore, the tool becomes impractical for ncRNA families with members of length several hundreds or more. In this paper, we proposed a memory-efficient algorithm for solving the same structural alignment problem with space complexity reduced to O(mn 2 + n 3 ) while maintaining the same time complexity of O(mn 4 ).
Definitions
Let A = a 1 a 2 …a m be a RNA sequence and M be the secondary structure of A. M is represented as a set of base pairs (a i , a j ), 1 ≤ i < j ≤ m. Let M x,y ⊆ M be the set of base pairs in the subsequence a x a x+1 …a y,
Note that an empty set is considered as a regular structure.
y}. An embedded simple pseudoknot structure is defined as follows [13] . M is an embedded simple pseudoknot structure if ∃ 1≤ x 1 < y 1 <…< x s < y s ≤ m such that 1. M xi,yi , for 1 ≤ i ≤ s, is a simple pseudoknot structure; and, 2.
is a regular structure Note that simple pseudoknot structure is a subset of embedded simple pseudoknot structure. In this paper, our method is designed for ncRNAs with embedded simple pseudoknot structures.
Algorithm

Structural alignment
Let S[1…m] be a query sequence with known secondary structure M, and T[1…n] be a target sequence with unknown secondary structure. S and T are sequences from the character set {A, C, G, U}. A structural alignment between S and T can be represented by a pair of sequences S'[1…r] and T '[1…r] where r ≥ m, n. S' is from S and T' is from T with spaces inserted in between the characters to make both sequences of the same length. A space cannot appear in the same position of S' and T'. The score of the alignment, which determines the sequence and structure similarity between S' and T', is defined as follows. , where t 1 ,t 2 ∈{A,C,G,U, '_'} and x 1 ,x 2 ,y 1 ,y 2 ∈{A,C,G,U}, are the score for sequence similarity and the score for structural similarity respectively. The calculation of structural alignment score is not restricted to any kind of secondary structure. It works in the same way for pseudoknot structure. The objective is to find an alignment such that the corresponding score is maximized. Higher score represents higher similarity between the two sequences according to their sequences and structures. Also, if the score is high, then the alignment can reasonably reveal the secondary structure of the target sequence.
Structural alignment for simple pseudoknot
Consider a length-m subsequence S[i 0 …k 0 ] with a simple pseudoknot structure, there exists i 0 ≤x 1 , x 2 ≤k 0 such that the simple pseudoknot structure M can be divided into two regular structures M L and M R as mentioned in Section 2. A subpseudoknot P(i,j,k) of S is defined as the union of subinterval [i 0 ..i] and [j..k], where i 0 ≤i<x 1 , x 1 ≤j<x 2 , x 2 ≤k≤k 0 , as shown in Figure 1. Let B[p,q,r,i,j,k] be the optimal alignment score between P(i,j,k) of S and P(p,q,r) of another length-n subsequence T[p 0 …r 0 ] whose structure is unknown. Consider the case of (i, j)∈M L , the following recurrence equation [13] gives the value for B. The case for (i, j)∈M R is similar. . Note the changes of indices of (i,j,k) in the recursive calculation. The value of i decreases from x 1 -1 to i 0 , the value of j increases from x 1 to x 2 -1 and the value of k deceases from k 0 to x 2 . That sequence of triples can be first built from a simple-pseudoknot structure in linear time [13] . The triple ( 
Our memory-efficient algorithm
A simple-pseudoknot has two interesting features. Firstly, as shown in the Figure 3a , the reversal of a simple pseudoknot is also a simple pseudoknot. The subpseudoknot P(i,j,k) becomes the upper region including (i,j,k) in the reverse structure. If we consider the alignment between a reverse query sequence and a reverse target sequence, the previous algorithm should also work, but the order of B calculation will be in reversed order according to the reverse sequence of triples in which the root becomes (x 2 +1,x 2 , i 0 ) instead of (x 1 -1,x 1 ,k 0 ).
Secondly, as shown in the Figure 3b , a simple pseudoknot can be separated into two simple-pseudoknots according to a triple (i,j,k): the upper region including (i,j,k) and the lower region excluding (i,j,k). This indicates that the alignment problem between a pair of sequences can be divided into two alignment problems between two pairs of shorter sequences. Based on these two features and inspired by Hirschberg's algorithm [ 
As illustrated in Figure 4 , the subpseudoknot P(v r ) of S R is the upper region including the triple v of S. The union of the subpseudoknot P(v i -1,v j +1,v k -1) of S and the subpseudoknot P(v r ) of S R is the whole pseudoknot of S. If a triple (p,q,r) of T is mapped to v of S in the optimal alignment between S and T, then the optimal alignment score between S and T = the optimal alignment score between P(v i -1,v j +1,v k -1) of S and P (p-1,q+1,r-1 
is maximum where p'= n-r h +1,q'=n-q h +1,r'=n-p h +1.
3.
As in Figure 3b , partition T into two subseudoknots. T upper : upper region including (p h ,q h ,r h ) and T lower : lower region excluding (p h ,q h ,r h ).
4.
Recursively find out the optimal alignment of S upper and T upper . 5.
Recursively find out the optimal alignment of S lower and T lower . 6.
Combine results from Steps 4 and 5 to obtain the optimal alignment. Lemma 1. The above procedure runs in O(mn 3 
Since (n 1 +n 2 )=n, (n 11 +n 12 +n 21 +n 22 )=n, and so on, and the fact that 
Thus, the whole procedure requires O(mn 3 ) time. Since the memory space for the table in the score-only algorithm can be reused during the recursion, the total space required is O(n 3 ).
Structural alignment for embedded simple pseudoknot
When considering the structural alignment for embedded-simple-pseudoknot, we extend the algorithm in [13] in order to apply the above procedure. We first binarize the query RNA converting it into a binary tree structure [13] . Each node represents a pair of nucleotides (which may not be a base-pair). Node A is a descendant of node B if pair B is inside pair A. A node would have two children if the region bounded by the pair can be partitioned into two embedded simple pseudoknot regions. If the pair bounds a simple pseudoknot region, then the node will be indicated as a simple pseudoknot and has no child but the corresponding triple sequence is formed and attached under the node. The tree ensures that each nucleotide is touched by at least one node, and every base pair is reached by one and only one node. for j = i+1 to n 8.
if v is NIL 9.
then
if v is a pseudoknot 11.
if v∈M'
13.
mapped to a pseudoknotted region of S, the previous divide-and-conquer procedure can be used to obtain the corresponding alignments. The time and space complexities for this are O(mn 4 
Experimental Results
We implemented the memory efficient algorithm in C++. Since PAL [13] program is not available, we also implement their method for comparison on the performance. We selected ten RNA families which have embedded simple pseudoknot structures for the experiment. The sequence and structural information of all seed members in the family were downloaded from Rfam database [2] . For each family, we randomly picked one of the seed members as a query sequence and aligned it with the other members one by one.
In the experiment, we found that the time required for both algorithms are almost the same, however the difference between the memory consumption is large, especially for the families with long sequences. Our memory consumption is less than theirs in all ten families. For the families with short sequence length, say less than 70, their algorithm does not need much memory. However, their memory consumption increases dramatically for the families with long sequence length compared with ours. Table 1 shows the comparison of memory usage between our space-efficient algorithm and their algorithm for the families with sequence length greater than 70. For the family Telomerase-vert, their algorithm cannot be executed in our server because it consumes more than 4G memory. We estimated that the actual memory consumption would be more than 10G. 
Discussion and Conclusions
Since we are mainly interested in the RNA sequences (or substrings in the given genome) that have a high score with the given query sequence, we expect that the distances between the bases in two mapped base pairs will not differ a lot. In practice, we can impose an upper bound Δ on the difference of the lengths between the mapped base pairs in order to decrease the time complexity of the algorithm. The algorithms in this paper are only designed for the embedded simple pseudoknot structures. We have scanned through the existing families and found that there exist other pseudoknot structures. Developing time and memory efficient algorithms for other pseudoknot structures would be essential and helpful for discovery of new members for these pseudoknotted ncRNA families.
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